There are many problems in science and engineering where the solution shows a boundary layer character. Near the boundary the gradient is large in contrast with the smooth behaviour in the central core. A uniform grid is, therefore, not suitable for a numerical solution. MHD flow problems belong to this category where a velocity and induced magnetic field profiles get flattened in a transverse flow. In the present paper an optimized grid has been generated using interpolating wavelets. The results are compared with those obtained using uniform grid, the finite element method and also from the analytical solution.
Introduction
Study of MHD flows is important due to a number of applications in science and engineering. Since blood is electrically conducting several papers have appeared in literature on the blood flow control and measurements [1, 2] . Other applications are in MHD flowmetry, MHD power generation. The study of generation and maintenance of magnetic field in steller bodies like the Sun and the Earth is owing to the constant motion of conducting material inside these bodies [3] . Some of these are cited in the references [4] [5] [6] [7] [8] . These are the problems where we study the effect of the transverse magnetic field on the flow of electrically conducting fluid. There is, therefore, a complex interaction of the equations of electrodynamics and fluid mechanics. The magnetic lines of force act like stretched rubber bands which try to reduce the flow rate. Therefore, a component of magnetic field is generated in the direction of the fluid flow. This is called the induced magnetic field. The main aim of all the MHD flow studies is to compute the modified flow pattern and the induced magnetic field. In our earlier paper [9] we solved an MHD flow problem which involved solving a singular integral equation. Haar wavelets with special integration formulae over boxes with singularities were used.
In the present paper we solve a different problem using wavelet optimized adaptive mesh. This method has been developed very recently and has become a very popular numerical tool to solve the boundary value problems where the rates of variation of the dependent variable significantly vary in the domain of interest. Of particular interest are the problems where there is a boundary layer in which the gradients are very steep as compared with the core where the variations are negligible. While applying finite difference or finite element method one has, therefore, to take a variable mesh-a finer one in the boundary layer and a coarser one in the core region. The main question is how to choose the size. There are several methods to choose a variable mesh a priori. One method frequently used is the "geometric mesh" in which the mesh size decreases in the geometric progression. We can control it by taking common ratio as a parameter. The other well known way is to use the chebyshev mesh. None of these is of adaptive nature since we choose it beforehand. In the wavelet method the mesh size is automatically adjusted keeping in view the rates of variation. For this we compute and test the magnitudes of the wavelet coefficients in the wavelet approximation. We stop reducing the mesh size when these coefficients become smaller than a prescribed quantity. Once the mesh size is decided we discretize the governing equations and solve the resulting system of algebraic equations. Some important references where this technique has been successfully used are [10] [11] [12] [13] [14] [15] [16] . sary physics involved in it. Figure 1 shows the section of the straight rectangular pipe of uniform cross-section and non-conducting walls. The flow of the electrically conducting fluid is axial i.e. along z-axis taken out of paper. The applied transverse magnetic field is along x-axis. The induced magnetic field is created along the flow direction. The final equations is a coupled system in the induced magnetic field and the axial velocity in non-dimensional form
in the flow region bounded by y m   and 1. x   Here and are the velocity and the induced magnetic field along z-axis at the point
The non-slip condition and non-conducting nature of the walls lead to the following boundary conditions.
.
The non-dimensional parameter M is called the Hartmann number. It is a measure of the intensity of the applied magnetic field. The analytical solution of (1) and (2) with boundary conditions (3) is known in [4] [5] [6] . It can be expressed as [7] . 
From (4) and (5) and can be computed for a given V B M at any point   , x y of the cross-section. But there are difficulties when M is large. The boundary layer character of the problem can be easily recognized from (1) and (2) when M is large. One can separately solve in the boundary layer and core region and match the two solutions at the interface. Another approach is to use finite difference or finite element methods (FEM) with finer mesh near the walls and a coarser mesh in the core region. Singh and Lal in [7] have used the FEM for various Hartmann numbers.
Present Method-The Wavelet Optimized Adaptive Mesh (WOAM)
Wavelets can be used to obtain the optimum size of the mesh in the flow region for different Hartmann numbers and specified precision. As M increases the mesh becomes finer and finer near the boundary. In the present problem the boundary layers are more pronounced at 1 x   as compared to y m   . As a result of this different mesh sizes are obtained along x and y-directions. This is further compounded by the fact that there are two dependent variables V and and at a time we can optimize with respect to one of them only. Fortunately, both the variables depict similar behaviour as . To get the optimized mesh we have constructed interpolating wavelets of [10, 11] in both the x and y-directions for a given Hartmann number. After having generated the mesh the derivatives at the non-uniform mesh are approximated as described by Jameson [12] . We obtain the interpolating wavelets on the dyadic grid   2 , , ,
where Z is the set of integers with as the level of resolution. The algorithm proceeds from the level to level by interpolating at the additional points of ,
where j k l w are weights. Note that the weights do not change with for evenly spaced grid. However, we can easily extend them to a non-uniform grid. Generalization of the above procedure to intervals is also straightforward. A suitable modification is to be made near the ends of the interval. The interpolating function
and applying the algorithm upto a high level J of resolution. This will result in the scaling function sampled at the locations j k
x . Using linear superposition we have
with   . for 2 N  and 3 respectively. Proceeding as in [13, 14] , we define the wavelet coefficients 
and set
This gives the detail function
The forward and inverse wavelet transform are, therefore, defined by
and
To generate the adaptive mesh we, therefore, proceed as follows:
1) Obtain the solution at the coarser mesh to get the initial profile.
2) Apply wavelet transform to get the wavelet coefficients . The above procedure will result in a finer mesh in the boundary layers but coarser in the core region.
Numerical Results, Convergence and Discussion
We have applied the above procedure for the pipe of square cross-section for different Hartmann numbers. The initial mesh size is taken as 0.1 and duced. Upto 0.2
is satisfied if mesh size is 0.1 (or less). For having optimum size we take it as 0.1. When x is further increased the condition
is not satisfied so size is reduced by a factor of half. With this size the condition remains satisfied upto 0.5.
After that it is further reduced and so on. Fortunately, the following symmetric considerations permit the equations to be solved in the positive quadrant only
The solution is found at the internal nodes After that it gets reduced to 0.025 and so on. As 0.5. x  x increases the rate of change of increases and, therefore, the mesh size has to be re-V The pointwise convergence of results with varying ,  for different Hartmann numbers is clear from the Table 4 which gives errors in the computed values at the centre of the channel. This point has been chosen because it is common to all the meshes. It is seen that as  is increased the error also increases. Interestingly, errors are lower for large Hartmann numbers clearly demonstrating the suitability of the present method to the situations where variations in the central core are far less than in the boundary region. The overall convergence in the entire section is clear from Table 5 which gives the mean absolute error (MAE) and root mean square error (RMSE) for various Hartmann numbers and  . It is clear that as  is reduced the errors both MAE and RMSE get reduced. Again the results are more encouraging for large . M From these observations we can conclude that the present method is ideally suited to problems depicting the boundary layer character.
Observation, Conclusion and Future Scope
As pointed out in the introduction, the basic aim of the present study was to solve the problem numerically using wavelet optimized adaptive mesh. This method is of recent origin and has been successively applied in many other applications. As explained above the method is suitable to the MHD flow problems also due to their boundary layer character. The uniform mesh is not appropriate near the boundaries and to use a fine mesh in the entire domain leads to excessive computation time.
The adaptive mesh using wavelets gives good accuracy even with moderate size of the mesh. A mesh where size is pre-decided such as the "geometric mesh" or "chebyshev mesh" also do not serve the complete purpose because the rate of variation of may not be consistent with the rate of variation of the mesh size. The adaptive mesh on the other hand adapts its size according to the rate at which varies. For a given V V  it is also optimum since we reduce the size by a factor of half only when the specified tolerance is not satisfied. In future we intend to extend the method to other geometries such as circular and elliptic. All the problems which have come to our notice in literature where wavelet adaptive mesh has been applied are one dimensional. The present paper extends it to two dimensions. The rates of variations near the boundary have been very fast along x-axis but comparatively not that fast along y-axis. Accordingly, the adaptive meshes are different along both directions. When we take a circular geometry, many unexpected problems arise. One of them is the choice of grid-rectangular or polar. Each has its advantages and disadvantages. Near the boundaries the finite difference approximations become very poor. We are trying to overcome these problems. We are also trying to examine whether the method in the present form is suitable for complex geometries. A suitable combination of it with FEM and the Boundary Integral Equation Methods (BIEM) may be a better alternative. We are currently working in this direction.
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